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1. Introduction

Quantum noncommutative ( NC ) gauge theory is essentially unknown beyond one-loop [iI.
In the one-loop approximation of the quantum theory we know for example that gauge
models on the Moyal-Weyl spaces are renormalizable [f]. These models were also shown to
behave in a variety of novel ways as compared with their commutative counterparts. There
are potential problems with unitarity and causality when time is noncommuting, and most
notably we mention the notorious UV-IR mixing phenomena which is a generic property
of all quantum field theories on Moyal-Weyl spaces and on noncommutative spaces in
general I, B]. However a non-perturbative study of pure two dimensional noncommutative
gauge theory was then performed in [[j]. For scalar field theory on the Moyal-Weyl space
some interesting non-perturbative results using theoretical and Monte Carlo methods were
obtained for example in [f]. An extensive list of references on these issues can be found

in [l and also in [d]



The fuzzy sphere ( and any fuzzy space in general ) provides a regularized field theory
in the non-perturbative regime ideal for Monte-Carlo simulations. This is the point of
view advocated in [ff]. See also [§—[I(] for quantum gravity, string theory or other different
motivations. These fuzzy spaces consist in replacing continuos manifolds by matrix algebras
and as a consequence the resulting field theory will only have a finite number of degrees
of freedom. The claim is that this method has the advantage -in contrast with lattice- of
preserving all continous symmetries of the original action at least at the classical level. This
proposal was applied to the scalar ¢* model in [@] Quantum field theory on fuzzy spaces
was also studied perturbatively quite extensively. See for example [[I3-[[J]. For some other
non-perturbative ( theoretical or Monte Carlo ) treatement of these field theories see [Lf].

Another motivation for using the fuzzy sphere is the following. The Moyal-Weyl NC
space is an infinite dimensional matrix model and not a continuum manifold and as a
consequence it should be regularized by a finite dimensional matrix model. In 2 dimensions
the most natural candidate is the fuzzy sphere S%; which is a finite dimensional matrix
model which reduces to the NC plane in some appropriate large N flattening limit. This
limit was investigated perturbatively in [[4, [[7] for scalar and Yang-Mills field theories
respectively. In 4—dimensions we should instead consider Cartesian products of the fuzzy
sphere S% [Ld], fuzzy CP% [L§] or fuzzy S* [1J]. An alternative way of regularizing gauge
theories on the Moyal-Weyl NC space is based on the matrix model formulation of the
twisted Eguchi-Kawai model. See for example [Rd, R, Bq].

The goal of this article and others [[[2, RJ] is to find the phase structure ( i.e map
the different regions of the phase diagram ) of noncommutative U(1) gauge theories in 2
dimensions on the fuzzy sphere S%\,. There are reasons to believe that the phase diagram
of NC U(N) models will be the same as that of their U(1) counterparts thus we will only
concentrate on the U(1) models. Furthermore it seems that the nature of the underlying
NC space is irrelevant. In other words U(1) gauge models on the NC Moyal-Weyl plane Rz
, on the fuzzy sphere S and on the NC torus Tg will fall into the same universality class.
Hence we consider solely the fuzzy sphere since it is the most convenient two dimensional
space for numerical simulation.

There seems to exist three different phases of U(1) gauge theory on S%\,. In the ma-
trix phase the fuzzy sphere vacuum collapses under quantum fluctuations and there is no
underlying sphere in the continuum large N limit. Rather we have a U(N) YM theory
dimensionally reduced to a point. In this phase the model should be described by a pure (
possibly a one-)matrix model without any spacetime or gauge theory interpretation. This
phenomena was first observed in Monte Carlo simulation in R3] for m = 0. In [Bg it was
shown that the fuzzy sphere vacuum becomes more stable as the mass m of the scalar nor-
mal component of the gauge field increases. Hence this vacuum becomes completely stable
when this normal scalar field is projected out from the model. This is what we observe in
our Monte Carlo simulation in the limit m—ooc.

The principal new discovery of this paper is that the fuzzy sphere phase splits into
two distinct regions corresponding to the weak and strong coupling phases of the gauge
field. These are separated by a third order phase transition. This transition is consistent
with that of a one-plaquette model [RF. Our results indicate that non-perturbative effects



play a significant role than expected from the 1/N study of [B4]. In particular these results
indicate that quantum noncommutative gauge theory is essentially equivalent to ( some
) quantum commutative gauge theory not necessarily of the same rank. This prediction
goes also in line with the powerful classical concept of Morita equivalence between NC and
commutative gauge theories on the torus [fl, R1].

This article is organized as follows. In section 2 we will describe the phase diagram
of the NC U(1) gauge model in 2D. In section 3 we will review the one-loop theory of the
model. In section 4 we will discuss our Monte Carlo results with some more detail. In
section 5 we will introduce the one-plaquette approximation of the model and then we will
give a theoretical derivation of the one-plaquette line. We conclude in section 6 with a
summary and some general remarks. In the appendix we discuss ( among other things )
the measurement of order parameters and probability distribution.

2. Phase diagram

The basic action is written in terms of three N x N matrices X, as follows

1 2i Nm?
§ = N| - 7Tr[Xe, X5 + %eabcTrXaXch} — Nm2a2TrX2 + Q—mTr(Xg)Q. (2.1)
c2

The basic parameters of the model are @ = av N and m. The gauge coupling constant is

= % We will also need & = a4/1 — %, a = av N and m = . The one-loop critical
values of & , & and @ are &y, &, and &, respectively. Clearly in the large N limit &, = G,
and @, = a,v/N. For reasons which will become clear in the text the measured critical
values are denoted as follows. The measurement of &, is denoted by ay. There are two

physically distinct measurements of &, denoted by e and au,;. In terms of & these are
given by qumqg = Gma/1 — % and o = Gumiy/1 — % There are two physically different
measurements of a., denoted by «,, = &maVN and @y = asV/N.

The phase diagram of the model (2.1)) is given in figure 1. This is the central result
of this article. In this section we will briefly explain the main properties of the different
phases of the model. More detail will be given in the rest of the article.

We measure the average value of the action < S > as a function of & and we measure
the specific heat C, =< S? > — < § >2 as a function of & for different values of N. We
consider N = 4,6,8,10,12,16. In the first step of the simulation the mass parameter m is
taken to be some fixed number. Then we vary the mass parameter and repeat the same
experiment. The choice of & for the specific heat is only due to finite size effects and has
no other physical significance since in the large N limit & = a.

We observe that different actions < S > which correspond to different values N ( for
some fixed value of m ) intersect at some value of the coupling constant & which we denote
as. In the limit of small masses, viz m——0, this intersection point marks a discontinuity
in the action and it occurs around the value agz = 2.2. In figure 2 we plot the action < S >
versus & for N = 10,12,16 and m? = 0.25,3,100. For large masses we observe that the
intersection point becomes smoother. It is also clear that the critical point o decreases as
we increase m and it will reach 0 in the limit m—soo0.
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Figure 1: The phase diagram of the model (2.1]). The two fits (B.6) and (2.3) are expected to
coincide very well with the data only for very large masses. The fits (2.5) and (R.4) are identical for
large masses ( or equivalently past the triple point ). Above the upper critical line we have a fuzzy
sphere in the weak regime of the gauge theory. Between the two lines we have a fuzzy sphere in
the strong regime of the gauge theory. Thus the upper critical line is the one-plaquette critical line
(@) Below the lower critical line we have the matrix phase. This last line agrees very well with the
one-loop prediction (@) The one-plaquette line approaches in the limit m——oo a constant value
given by log v, = log(3.35) = 1.21. The triple point is also seen to exist within the estimated range.
Before we reach the triple point the critical line agrees as well with the one-loop prediction @)
Recall that logm? =logm? —2log N, log oy, = log Gyna + 0.5log N and log as 4 0.5log N = log a.

For the specific heat the situation is more involved. We observe in the limit m—0
a peak around s = 2.2 which marks a sharp discontinuity in C,. See the first graph in
figure 3 or figure 7. Above this critical value the specific heat is given by C, = N? while
below this critical value it is given by C, = 0.75N2. The regime &>ay is the fuzzy sphere
phase whereas a<ay corresponds to the so-called matrix phase.

As m increases things get more complicated and they only simplify again when we
reach large values of m. a, and a,,; are precisely the values of & at the maximum
and minimum values of the specific heat. Thus &;,, and @&.,; are the values of & at the
maximum and minimum values of the specific heat. The peak of the specific heat moves
slowly to smaller values of & as we increase m. The agreement between &,,, and oy for
small masses is good whereas the values &;,; at the minimum of C), for small masses are
significantly different from «s. Thus in this regime of small masses &, is still detecting



the S?V—to—matrix phase transition. Similarly to the case m = 0 the specific heat C, as a
function of & is equal to N? in the fuzzy sphere phase for values of & such that &>dmq -

The physics is drastically different for large masses since the roles of @, and Gy
are completely reversed. There is a shallow valley in the specific heat starting to appear
for values of & inside the matrix phase as m slowly increases. Furthermore as m keeps
increasing we observe that the peak flattens slowly and disappears altogether when the
mass becomes of the order of m?~10. At this stage the well in the specific heat becomes
on the other hand deeper and more pronounced and its minimum &.,,; is moving slowly to
smaller values of the coupling constant &. By inspection of the data we can see that ¢,;
and «g starts to agree for larger masses and thus &,,; captures exactly the S?V—to—matrix
phase transition in this regime. The physical meaning of the the critical point &;,,, becomes
also different for large masses where it becomes significantly different from «,. Since there
is no peak the definition of @&,, becomes different!. @&, is now the value of & at which
the specific heat jumps and becomes equal to N2. This is where the one-plaquette phase
transition between weak and strong regimes of gauge theory on the fuzzy sphere occurs.
In figure 3 we plot the specific heat versus & for N = 10,12,16 and m? = 0.25,3,100. In
particular remark how the shape of the specific heat changes with m.

As it turns out we can predict the S?V—to—matrix phase transition from the one-loop
theory of the model (R1]). To this end we consider the following background matrices
D, = a¢L, where ¢ is the radius of the sphere and L, are the generators of SU(2) in the

irreducible representation % Then we compute the one-loop effective potential in the

background field method 3] or by using an RG method [[[J]. One finds the result

NZ2aA 1+ m?2

N-a” 4_1 m?
2 4

29" — -0 | + N?log ¢ + O(N). (2.2)

¢ 3 2

Vl—loop =
It is not difficult to check that the corresponding equation of motion of the potential (P.3)
admits two real solutions where we can identify the one with the least energy with the
actual radius of the sphere. This however is only true up to a certain value &, of the
coupling constant & where the quartic equation ceases to have any real solution and as
a consequence the fuzzy sphere solution D, = a¢L, ceases to exist. In other words the
potential below the value &, of the coupling constant becomes unbounded and the fuzzy
sphere collapses. The critical values can be easily computed and one finds in the limit
m——0 the values ¢, = 0.75 and &, = 2.09. Extrapolating to large masses we obtain the
scaling behaviour

1
and g )
Qe = [m]4 (2.4)

In other words the phase transition happens each time at a smaller value of the coupling
constant & and thus the fuzzy sphere is more stable. This one-loop result is compared
to the non-perturbative results a; and «,,; coming from the Monte Carlo simulation of

Mt is not difficult to see that this new definition is consistent with the previous definition of &mq.-



the model (R.1)) in figure 4. As one can immediately see there is an excellent agreement
between the three values in the regime of large masses as discussed above. &, and o agree
as well for small masses. See also the phase diagram (1).

For large values of m the scaling of the coupling constant & as well as of the mass
parameter m is found to differ considerably from the m = 0 case. It is now given by
a=aVN,m= % The above theoretical fit (2.4) will read in terms of & and /m as follows

1
G = [%}z. (2.5)
This is the fit used for the lower critical line in the phase diagram (1). The critical value
as = azV/'N falls nicely on the top of this fit for all values of the mass.

The fit of the critical value &y, for m small is given by equation (R.4). Thus we
expect agreement between &, and ag from one hand and &, from the other hand in the
range of small masses. For m large we find that we can fit the data &;,, to ( recall that
ap = GmaV N )

0.04
ap = 3.35+0.25 + [ 7.

S

(2.6)

In other words in the limit m——o0 we can fit the data to the line oy, = 3.35. This is
what we call the one-plaquette critical line. See figure 5. This is the fit used for the upper
critical line in the phase diagram (1).

3. The one-loop calculation

In this section we will follow [RZ].

We are interested in the most general gauge theory up to quartic power in the gauge
field on the fuzzy sphere S%—H' This is obtained as follows. Let X, , a = 1,2, 3, be three
N x N hermitian matrices and let us consider the action

1 2i
§ = N| - 7Tr[Xe, X5 + ?eabcTrXaXch + BTrX2 + MTr(X2)2. (3.1)

This action is invariant under the unitary transformations X,——UX,U". This model
is also invariant under SU(2) rotational symmetries X,—gX,9" = Rq,(g)Xp where the
group element ¢ is given explicitly by ¢ = exp(iw,L,) for some constant vector & and
R(g) is the spin one irreducible representation of g. L, are the generators of SU(2) in the
irreducible representation % They satisfy [Lq, Ly] = i€qpeLle, L2 = c3 = %(% +1) and they
are of size (L 4+ 1)x (L + 1). This action is bounded from below for all positive values of
M and the trace is normalized such that Trl =N =L + 1.

The «, § and M are the parameters of the model. We are interested in the particular

case where 3 = —2Mcoa?. In this case the potential becomes
V = BTrX2+ MTr(X2)? = MTr(X? — c30?)> — MNa'cl. (3.2)

In most of this article we will discuss U(1) gauge theory on the fuzzy sphere. We start
with the values M = [ = 0. This corresponds to the Alekseev, Recknagel, Schomerus



The action for m?=0.25 and N=10,12
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Figure 2: The action for m? = 0.25,3,100 and N = 10,12, 16.

action obtained in effective string theory describing the dynamics of open strings moving
in a curved background with S? metric in the presence of a Neveu-Schwarz B-field. We
notice that with M = 8 = 0 the trace part of X, simply decouples. As a consequence we
can take X, to be traceless without any loss of generality. The classical absolute minimum



The specific heat for m?=0.25 and N=10,12
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Figure 3: The specific heat for m? = 0.25, 3,100 and N = 10,12, 16.

of the model is given by
Xe=al, (3.3)

where L, are the generators of SU(2) in the irreducible representation %E%.The quan-
tum minimum is found by considering the configuration X, = a¢L, where the order
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Figure 5: The one-plaquette critical line.

parameter a¢ plays the role of the radius of the sphere with a classical value equal o.The
complete one-loop effective potential in this configuration is given in the large N limit by
the formula ( with & = vV Na )

1 1
Ve (¢) = 2¢06* [Z o ggbﬂ + 4c log ¢ + subleading terms. (3.4)
It is not difficult to check that the equations of motion admits two real solutions where we
can identify the one with the least energy with the actual radius of the sphere. However
this is only true up to a certain value &, of the coupling constant & where the quartic
equation ceases to have any real solution and as a consequence the fuzzy sphere solution



(B-3) ceases to exist. In other words the potential Vog below the value @, of the coupling
constant becomes unbounded and the fuzzy sphere collapses. The critical value can be
easily computed and one finds

3
G =7, G = 208677944, (3.5)

Now we add the potential term (B.9) with mass parameter 2M = Nm?/cy. In this case
the matrices X, can not be taken traceless. The effective potential becomes

a1 1
Vet = 2000" | 20" — 0% +

1 1
1 2 —m?(¢? —1)%| + 4eplog ¢ + 5 TrsTRlogA. (3.6)

4
TR is the trace over 4 indices corresponding to the left and right actions of operators on
matrices of size L + 1 while T'r3 is the trace associated with the action of 3—dimensional
rotations. The Laplacian A in the gauge {1 =1+ ’Z—; is given by

A2y Eonzozo o om2a- 2, (3.7)
z &

The eigenvalues of £2 ( which is the Laplacian on the sphere ) and J? ( which is the total
angular momentum on the sphere ) are given respectively by I(I + 1) and j(j + 1) where
l=1,...,Land j=1+1,l,] — 1. The corresponding eigentensors are the vector spherical
harmonics operators. Let us also notice that from the requirement that the spectrum of A
must be positive we can derive a lower and upper bounds on the possible values which the

field ¢ can take. For example for m? = 0 we can find that 2/3 < ¢ < 3.
We can show ( at least ) for small values of the mass m that the logarithm of A is
subleading in the large N limit compared to the other terms and thus the potential reduces

to the simpler form

L3
3@+

1

—m?(¢? — 1)2} + 4co log ¢. (3.8)

411
Vet = 2c06* [Z¢4 - 1

Solving for the critical value using the same method outlined previously yields the results

B 3 32m2(1 4+ m?2)
@—@TW¢+¢+——?—{’ (39)
1 _ 1 S NVR m_2 2
g——2(1+m)¢*+2¢*+ 5 o5 (3.10)

*
Extrapolating to large masses (m——o00) we obtain the scaling behaviour

8

m2+\/§__1]z‘ (3.11)

G = |

In other words the phase transition happens each time at a smaller value of the coupling

constant & and thus the fuzzy sphere is more stable.

,10,



It is therefore sensible to expand the action (B.I]) around the fuzzy sphere solution (B.3)
by introducing a U(1) gauge field A, on the fuzzy sphere S%; as follows X, = a(L, + A,).
The action becomes
1

0
SN = 1 NTT [Féb) + Z[Aa,Ab]] ~ gyl |5E FOA4, + 2 [Aa,Ab]A n gQ—NTr<1>2
1 1
—604402 — 5@4027’”2 (312)
® is the normal covariant scalar component of the gauge field on the fuzzy sphere defined
by \/Aca® = LyA, + AgLy + A2 F(O) + i[Aq, Ap] is the U(1) covariant curvature

where Féb) = i[Lq, Ap) — i[Ly, Aa] + eabcAc and g is the gauge coupling constant defined by

g% = a*. In the continuum limit L—— o0 all commutators vanish and we get a U(1) gauge

field coupled to a scalar mode ® = 7.4 with curvature Fég) = L Ay — iLp A, + €apcAe

where L, = —i€ penp s a . We find ( by also neglecting the constant term )
1 a2, _(0)\2 1 / ds? o) 2m? Y o
Seo = —5 —(F —F )V Ae+ — — =, 3.13
T 4g? Jo 471'( )~ 44 4g2 Sobe 4~ ab + 9® Jg2 4w (3.13)

The quantization of the fuzzy action Sy yields a non-trivial effective action I'y, in the

continuum limit which for generic values of the mass parameter m is different from S

For example we have established by explicit calculation of the quadratic effective action the

existence of a gauge-invariant UV-IR mixing problem in U(1) gauge theory on the fuzzy

sphere for the value m = 0. We find

r® = 4%2/52 ZSF(O)(1+2 2A3)FY) — ; eabc/ szig)(1+292A3)Ac+4\@/52 %@
+other non local quadratic terms. (3.14)

The operator Ag is a function of the Laplacian £2 with eigenvalues Ag(k) given by k(k +
1)As(k) = ZI; 5y Clearly I )#S which is the signature of the UV-IR mixing in this
model.It is expected that the same result will also hold for generic values of the mass
parameter m.

The calculation can also be done quite easily in the limit m——o0 and one finds that
there is no UV-IR mixing in the model in this case. The UV-IR mixing is thus confined to
the scalar sector of the model since the limit m—— oo projects out the scalar fluctuation ®.
It is hence natural to think that the extra matrix phase observed in the phase structure of
the theory is related to this mixing; in other words it is the non-perturbative manifestation
of the perturbative UV-IR mixing property since as we have shown this phase seems also

to disappear in the limit of large masses.

4. Monte Carlo simulation

From the above one-loop argument it is expected to observe at least one phase transition
on the line m = g = 0. This is a continuous first order phase transition from a fuzzy
sphere phase with a > «, to a pure matrix phase with o < «,. It is also expected that
this critical value a, decreases with the value of m ( keeping 3 fixed equal —2M caa? with
2M = Nm?/cy ) and it becomes zero when we let m—so0.

— 11 —



4.1 Zero mass

We start with M = 3 = 0. To detect the different phases of the model we propose to
measure the following observables. First we measure the average value of the action, viz
< S >. Second the specific heat will allow us to demarcate the boundary between the
different phases. It is defined by C, =< §% > — < § >2.

In order to determine the critical point (if any) we run several simulations with different
values of N, say N = 4,6,8,10,12,16. We always start from a random (hot) initial
configuration and run the metropolis algorithm for Ttherm + Tcorrx Tmont Monte Carlo
steps. Ttherm is thermalization time while Tmont is the actual number of Monte Carlo
steps. Two consecutive Monte Carlo times are separated by Tcorr sweeps to reduce auto-
correlation time. In every step ( sweep ) we go through each entry of the three matrices
X1, X5 and X3 and update it according to the Boltzman weight. This by definition is one
unit of time ( Monte Carlo time ) in the generated dynamics. For every N and « we tune
appropriately Ttherm, Tmont, Tcorr as well as the interval I from which we choose the
variation of the entries of the matrices X, so that to reduce auto-correlation times and
statistical errors.

The continuum limit of a given observable will be obtained by collapsing the corre-
sponding data, in other words finding the scaling of this operator in the large N limit which
yields an N —independent quantity. For example the scaling of the coupling constant o with
N is clearly given by & = v/ Na as anticipated from the one-loop calculation.

For the action the data is plotted in figure 6. We remark that the 4 curves with
N =4,6,8 and 10 all intersect around the point

g = 2.240.1. (4.1)

This is the critical point since it is independent of N as it should be. The collapse of the
data is given by < S > /4cy. Indeed a very good fit for the action < S > is given by the
classical action in the configuration X, = aL,, i.e

d462

6

The data for the specific heat is shown on figure 7. We can immediately remark that

<8 >=-—

(4.2)

C, peakes around the above critical point. More precisely the peak is at the values a =
2.2540.05,2.140.1 and 2.140.1,2.2+0.1 for N = 4,6 and 8, 10 respectively.

From figure 7 the correct scaling of the specific heat is given by C,/4ca. Let us
also remark that the specific heat is equal C,, = N? — 1 in the fuzzy sphere phase and
C, = 0.75(N? — 1) in the matrix phase.

We have therefore established the existence of a first order phase transition from the
fuzzy sphere to a matrix phase in agreement with the one-loop calculation. The next step
is to add to the Alekseev-Recknagel-Schomerus model the potential term (B.2).

4.2 Non-zero mass : the S?V—to—matrix phase transition

As we have shown m? plays precisely the role of the mass parameter of the normal scalar
field in the fuzzy sphere phase. From the one-loop calculation as well as from the large
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Figure 6: The action for zero mass for N = 4,6, 8, 10.

1/N expansion it is argued that the fuzzy sphere becomes more dominant ( i.e it becomes
more stable under quantum fluctuations ) as we increase the mass m of the scalar mode.
In the limit m—— o0 we expect the matrix phase to disappear altogether. In this limit
m——00 the normal scalar field decouples from the pure two dimensional gauge sector and
as a consequence it is natural to conjecture that the matrix phase ( and correspondingly
the perturbative UV-IR mixing phenomena ) has its origin in the coupling of this extra
normal mode to the rest of the dynamics. Another way of putting this conjecture is that
the presence of the matrix phase ( which is absent in the continuum theory ) is nothing
else but a non-perturbative manifestation of the perturbative UV-IR mixing. However
although this is true to a large extent there are more non-trivial things happening in this

limit as we will now report.

We again measure the action < S > for non-zero values of the mass m for N = 4,6 and
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C,/4c, For N=4,6,8 and 10
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Figure 7: The specific heat for zero mass for N = 4,6, 8, 10.

8. The results are shown on figure 8. As before the action < S > is scaled as < S > /4cs as
a function of &. It is also immediately clear that the critical point decreases as we increase
m. In other words the fuzzy sphere becomes more dominant as promised by the one-loop
calculation. For example for m? = 0.5 the actions for N = 4, N = 6 and N = 8 intersect at
as = 1.940.1. The theory predicts a critical value given by &, = 1.72 which is reasonably
close.

We repeat the above calculation for various values of the mass m. The intersection
point of the actions with different N defines the critical value a. This value follows to a
good accuracy the one-loop prediction given by equation (B.11)). As it turns out this phase
transition is also captured by the minimum of the specific heat ( more on this below ). The
phase diagram of the fuzzy sphere-to-matrix phase transition is shown on figure 9. A very
good fit of < § > is given by the classical action in the fuzzy sphere configuration. For

non-zero mass this is given by the expression

<8 >=— — —ca”. (4.3)

4.3 Specific heat: the one-plaquette phase transition

As soon as the mass m takes a non-zero value the specific heat C,, starts to behave in a very
different way compared to its behaviour for zero mass. We observe a new phase transition
for large enough masses which resembles very much the one-plaquette phase transition
in ordinary 2—dimensional gauge theory. This is measured by the maximum «;,, of the
specific heat. For small values of the mass parameter m the maximum «,,, is defined by
the position of the peak of C,,. For large values of m the peak in C,, disappears and au,, is
given by the value of the coupling constant at which the specific heat discontinuously jumps
to one. We will also measure the minimum a,,; of C,, which will capture the S?V—to—matrix

phase transition.
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Figure 8: The action for non-zero mass. The fit is given by equation (E)

For small values of m the scaling of the coupling constant & is found to differ only
slightly from the m = 0 case. It is given by

A=/l — —. 4.4
&=a N (4.4)

In the large N limit &/&——1 and thus this different scaling is only due to finite size effects
and has no other physical significance. This is expected for small masses. @, and aym,;
are actually the values of & at the maximum and minimum of the specific heat. The peak
of the specific heat moves slowly to smaller values of the coupling constant as we increase
m. The agreement with the one-loop prediction given by equation (B.11]) as well as with
a; is fairly good and thus in this regime «;,, is still detecting the S?V—to—matrix phase
transition. Similarly to the case m = 0 the specific heat C,/4cy as a function of & is

equal to 1 in the fuzzy sphere phase. However there is a shallow valley starting to appear
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Figure 9: The phase diagram of the S3,—to-matrix phase transition. The fuzzy sphere phase is
above the solid line while the matrix phase is below it. The critical point «; is the intersection
point of the actions with N = 4,6 and 8. This agrees with the one-loop prediction of the critical
line ( the solid line ) given by equation (B.11]). For large masses a, coincides with the minimum
i of C,,. For small masses o, coincides with the maximum a,, of C,.

for values of & inside the matrix phase. The values a,;; of the minimum of C, for these
small masses are significantly different from ag ( see the phase diagram on figure 9). As
an example the data for m? = 0.25,4.75 for N = 6,8 is shown on figure 10.

As m keeps increasing deviation from the one-loop prediction becomes important. The
data for m? = 40,200 for N = 6,8 is shown on figure 10. We observe that the peak flattens
slowly and disappears altogether when the mass becomes of the order of m?~10.

Although the peak in C, disappears we know that the S?V—to—matrix phase transition is
still present as indicated by the non-vanishing of a; ( from the phase diagram on figure 9).
The physical meaning of the the critical point «;,, becomes different for large masses. This
is where the one-plaquette phase transition between weak and strong regimes of gauge
theory on the fuzzy sphere occurs. The valley in the specific heat becomes on the other
hand deeper and more pronounced as m increases and its minimum «,,; is moving slowly
to smaller values of the coupling constant &. By inspection of the data ( phase diagram
on figure 9) we can see that a,,; and ay starts to agree for larger masses and thus a;,;
captures exactly the S%V—to—matrix phase transition.

The two regimes with m small and m large are thus physically distinct; in the first

regime we have two phases : the fuzzy sphere phase &>« and the matrix phase a<aj
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whereas in the second regime we have three phases. Beside the matrix phase for a<cay,;
we have two more phases where we have a stable fuzzy sphere as the underlying spacetime
structure. These two phases correspond to U(1) gauge theory on the fuzzy sphere S?V in
the weak &>y, and strong a,;<&<a,, regimes respectively. There exists therefore a
triple point where the three phases coexist.

For large values of m the scaling of the coupling constant & as well as of the mass
parameter m is found to differ considerably from the m = 0 case. It is now given by

a=avNn, M= . (4.5)
N
The theoretical fit (B.11]) will read in terms of & and m as follows
8 .1
e = |—5 2. 4.6
= 1] (46)

We define the one-plaquette transition point by the value q;,, of the coupling constant &
( or equivalently & in the large N limit ) at which the specific heat discontinuously jumps
to one. In terms of & this is given at the value

ap = AmaVN. (4.7)

The fit of the critical value ay, for m small is given by equation (B.11]) while for m large
we find that we can fit the data to

0.04]
m2

In other words in the limit m——o00 we can fit the data to o), = 3.354+0.25. In the next

NI

ap = 3.35+0.25 + | (4.8)

section we will give a theoretical derivation of the value 3.35 from the one-plaquette ap-
proximation of gauge fields on the fuzzy sphere in the weak regime a>ay,.

These results are summarized in the phase diagram on figure 11.

Finally we point out that we can estimate the values ar and anT of the coupling
constant @ and the mass parameter m? at the triple point by equating the fits (E9) and
(#.8). We obtain the two solutions 1) m% = 0.009 and ar = 5.46 or equivalently logm? =
—4.71 and log &y = 1.7 and 2) m% = 0.001 and a7 = 9.46 or equivalently log m% = —6.91
and log ar = 2.25. The triple point must therefore exist between these two points, viz

1.7< log a0 <2.25 (4.9)

and
—6.91<log M%< — 4.71. (4.10)

The most important remark we can draw from this calculation is that the fuzzy sphere
phase bifurcates into two distinct phases ( the weak coupling and the strong coupling
phases of the gauge field ) almost as soon as we tune on a non-zero mass. The models with
and without a mass term are indeed very different.

5. The one-plaquette model and 1/N expansion

In this section we will follow [[L2].
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Figure 10: The specific heat for different values of m?2.

5.1 The one-plaquette variable W

We start by making the observation that in the large m——oc limit we can set ® = 0
since the normal scalar field becomes infinitely heavy ( m is precisely its mass ) and
thus decouples from the rest of the dynamics. Hence we can effectively impose the extra
constraint X2 = a?cy on the field X, in this limit m——oc. The action (B.I]) with 3 =
—2M caa® becomes in the limit m——oo first and then N —o00 a commutative U(1) action
on the ordinary sphere.

The aim is to relate the action (B.I]) with the one-plaquette action. To this end we
introduce the 2N x2N idempotent

1
7= N(12N +204La), 72 =1 (5.1)

where o, are the usual Pauli matrices. It has eigenvalues +1 and —1 with multiplicities
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The phase diagram ( logarithmic scale )
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Figure 11:

The phase diagram of the one-plaquette phase transition. For large values of m the

ap—line is the critical one-plaquette transition line while the ay,;—line ( or equivalently the as—line

) is the critical fuzzy sphere-to-matrix transition line. For small values of m the c;,,—line coincides

with the as—line which is the critical fuzzy sphere-to-matrix transition line in this regime. These

two lines seem to bifurcate at the triple point.

N +1 and N —1 respectively. We introduce the covariant derivative D, = L, + A, through
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a gauged idempotent vp as follows

1

,?2

D =7

. 1 2 R 8,/c 2
v = N(l + 20'a,Da) =7 + NUGAG, 72 =1 + ]\\/[2—2(1) + meachCFab. (52)

Since we are interested in the large m——o0 limit we set ® = 0. Clearly vp has the same
spectrum as 7. In fact vp is an element of the dy—Grassmannian manifold U(2N)/U (N +
1)xU(N — 1) and hence it contains the correct number of degrees of freedom dy = 4N? —
(N+1)2—(N—1)? = 2N? —2 which is found in a gauge theory on the fuzzy sphere without
normal scalar field.

The original U(N) gauge symmetry acts on the covariant derivatives D, as Dj =
gDqg*, geU(N). This symmetry will be enlarged to the following U(2N) symmetry. First
we introduce another covariant derivative D; = Lq+ A; through a gauged idempotent
given by a similar equation to (b.9). As before we will also set ® = 0. From the two
idempotents vp and 7,y we construct the link variable W as follows

W :’yD/"yD. (53)

The extended U(2N) symmetry will then act on W as follows W—VWV* VeU(2N).
This transformation property of W can only be obtained if we impose the following transfor-
mation properties vy, — Vv, VT and yp—V~pV ™ on v, and vp respectively. Hence
the U(N) subgroup of this U(2N) symmetry which will act on D, as D,—gD,g" will
also have to act on D), as D;—>gD;g+. Under these transformations the gauge fields A4,
and A, transform as Ag—gAagt +g[La,g1] and A;—>gA;g+ +9[La, g"] respectively like
we want. Remark also that for every fixed configuration A/a the link variable W contains
the same degrees of freedom contained in vp.

The main idea is that we want to reparametrize the gauge field on S?V in terms of the
fuzzy link variable W and the normal scalar field ®. In other words we want to replace
the triplet (Aj, Ay, A3) with (W, ®) where W is the object which contains the degrees of
freedom of the gauge field which are tangent to the sphere. Thus in summary we have the
coordinate transformation (Ap, As, A3)— (W, ®). We can check that we have the correct
measure, viz

/dAldAQdAg X /de(I). (5.4)

It remains now to show that the enlarged U(2N) symmetry reduces to its U(N) subgroup
in the large N limit. The starting point is the 2/N—dimensional one-plaquette actions with
positive coupling constants A and N, viz

N / N
Sp=Tran(W+W* =2), Sp=—5Tray(W? + W —2). (5.5)

We have the path integral

Zp / vy d®' 5(®") / AW dDS(®)eSr+5e. (5.6)
W=y,vp
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The extra integrations over v, and @' ( in other words over D, ) is included in order
to maintain gauge invariance of the path integral. The integration over W is done along
the orbit W = v,,7p inside the full U(2N) gauge group. In the large N limit this path
integral can be written as

Zp = / dAL (@) / dA,6(®)e5P+5p. (5.7)
W=v,7D

We need now to check what happens to the actions Sp and S}; in the large N limit. We
introduce the 6 matrices 24, = A, — A; and 24, = A, + A/a with the transformation laws
A,—gAugt and A,—gA,g* + g[La, g"]. For the continuum limit of the action Sp + S}D
we obtain after a long calculation the effective theory 2[[19

Zp = / dﬁaae{xa,ﬁa}) S# (5.8)

where

N7T)\1) _ 16
8 M N3

eff 2 _
St — N2 log( i) — Olrya)

(5.9)
The coupling constant A; ( which is assumed positive in this classical theory for simplicity
) is defined in terms of A abd X" by

2
_ _ _ 1 1
Tr <i[La, Ab] — i[Lb, Aa] + eabcAc> + O( O(

_2 (5.10)

Notice that this effective action is invariant not only under the trivial original gauge trans-
formation law A,— A, but also it is invariant under the non-trivial gauge transformation
Ay— Ay + g[La,g"] where gcU(N). This emergent new gauge transformation of A, is
identical to the transformation property of a U(1) gauge field on the sphere. Therefore
the action S$ given by the above equation is essentially the same U(1) action —(S — Sp)
obtained from (B.1) provided we make the following identification

1 4 1 al at
)= = = 5.11

16 _ 16
N2\~ N?

between the U(1) gauge coupling constant g on the fuzzy sphere and the one-plaquette
model coupling constant A;. Let us also remark that in this large N limit in which g is kept
fixed the one-plaquette coupling constant \; goes to zero. Hence the fuzzy sphere action
with fixed coupling constant g corresponds in this particular limit to the one-plaquette
gauge field in the weak regime and agreement between the two is expected only for weak
couplings ( large values of & ).

2The path integral over the three matrices A, is dominated in the large N limit by the configurations

A, =0.
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5.2 The one-plaquette path integral

Let us decompose the 2N x2N matrix W as follows

Wi Wia
W = . 5.12

In particular Wy = Wi is an (N + 1) x (N + 1) matrix, Wy = W, is an (N —1) x (N —1)
matrix and Wig is an (N + 1) x (N — 1) matrix whereas the hermitian adjoint Wy} is an
(N —1) x (N + 1) matrix. Since W*TW =1 we have the conditions

Win + W12W1J5 =1, W;WQ + WfEWlQ =1, WiWio+ Wi oWy =0. (5.13)

Let us recall that since the integration over W is done along the orbit W = v,/yp inside
U(2N) and since in the large N limit both v, and vp approach the usual chirality operator
v = ng,o, we see that W approaches the identity matrix in this limit. Thus we have the be-
haviour Wi = (vvp)1—1n+1, —Wa = = (v vp)2—1n-1 and Wi = (v vp)12—0.

The main approximation adopted in [[J] consisted in replacing the constraint W =
Yp'Yp with the simpler constraint W——15y by taking the diagonal parts Wi and —W»
to be two arbitrary, i.e independent of 7, unitary matrices which are very close to the
identities 141 and 1xy_1 respectively while allowing the off-diagonal parts Wi and ng
to go to zero. We observe that by including only W; and —W5 in this approximation we
are including in the limit precisely the correct number of degrees of freedom tangent to the
sphere, viz 2N2. Thus in this approximation the integrations over ®, ® and vp' decouple
while the integrations over Wi, and ng are dominated by Wio = Wf; = 0. There remains
the two independent path integrals over Wi and —W5 which are clearly equal in the strict
limit since the matrix dimension of Wj approaches the matrix dimension of —W, for large
N. Thus the path integral Z}; reduces to

Zoox|Zp(A N2 (5.14)
where

’ N N
Zp()\,)\ ) = /dW1 exp {XTT(Wl + W1+ — 2) — YTT(WIQ + W1+2 — 2)} (5.15)

5.3 Saddle point solution

The path integral of a 2—dimensional U (V) gauge theory in the axial gauge A; =0 on a
lattice with volume V and lattice spacing a is given by Zp(\, 00)"/ “* where Z p(\, 00) is the
above partition function (f.1§) for N\ = 00, i.e the partition function of the one-plaquette
model Sp = ¥Tr(W; + Wi — 2). Formally the partition function Zp(A,\")"/ * for any
value of the coupling constant A" can be obtained by expanding the model S; + Sll around
X = co. Thus it is not difficult to observe that the one-plaquette action Sp + S}D does lead
to a more complicated U(NN) gauge theory in two dimensions.

Therefore we can see that the partition function Z}D of a U(1) gauge field on the

fuzzy sphere is proportional to the partition function of a generalized 2—dimensional U (N)
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gauge theory in the axial gauge A; = 0 on a lattice with two plaquettes. This doubling of
plaquettes is reminiscent of the usual doubling of points in Connes standard model. We
are therefore interested in the N —dimensional one-plaquette model

, N N
Zp(W ) = /dWemp(XTr(W + Wt —2) - YTT(WZ + W 2)). (5.16)

Let us recall that dIV is the U(NN) Haar measure. We can immediately diagonalize the link
variable W by writing W = T DT where T is some U(N) matrix and D is diagonal with
elements equal to the eigenvalues exp(i6;) of W. In other words D;; = d;jexp(ib;). The
integration over T' can be done trivially and one ends up with the path integral

Zp(\N) = /valdeieNSN. (5.17)

The action Sy is given by

5 9 1 _6i—6;\° 2N 2N
SN:X;COS(%_Y;COSQGi—i_W;ln(SIH 5 )—T-i-y- (5.18)

Since the link variable W tends to one in the large N—o0 limit we can conclude that all
the angles 6; tend to 0 in this limit and thus we can consider instead of the full one-plaquette
model action (f.1§) the small one-plaquette model action

1 2 1 (‘92‘ _‘93’)2 4
= —— - e 1 . '1
Sy A2Zel+2NZni4 +0(6% (5.19)
i i#j
Ao is given by ) ) )
Z - _Z . 2
o " + G (5.20)

For the consistency of the solution below the coupling constant A; must be negative ( as
opposed to the classical model where \; was assumed positive ) and as a consequence the
coupling constant Ao is always positive. As it turns out most of the classical arguments
of section 4.1 will go through unchanged when \; is taken negative. Thus in this present
quantum theory of the model we will identify the effective one-plaquette action Slegﬂ with
the fuzzy sphere action S — Sy ( which is to be compared with the classical identification
—Slegﬂ = S — Sp) and hence we must make the following identification of the coupling

constants A
16 1 Qa
- == 5.21
N2\, 492  4N? ( )
Furthermore it is quite obvious that the expansion (f.19) will only be valid for small angles
f; in the range —%geigé. Let us also note that the action (b.19) can be obtained from the

effective one-plaquette model

2
S}epﬁ = ?TT(Weff + We-if_f — 2)

)‘2
2 o 2N
= 5 Zi:cos o5t — e (5.22)
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For small Hfﬁ in the range —1§9§H§1 the total effective one-plaquette action becomes

€ 1 € 9
S = 3 Zj:wﬁ N Zln

i#]

eff aeff)

+ O((6°H)H). (5.23)

The action (.29) must be identical to the action (f.19) and hence we must have 6¢% = 26;
and AT = 4),.
The saddle point solution of the action (f.29) must satisfy the equation of motion

gt — it

2 ff _ ¢ J
A sin 6 =~ g cot — (5.24)
JF

In the continuum large N limit we introduce a density of eigenvalues p(#) and the equation
of motion becomes

Ocft — Teff

2
o Sin O = / ATeft p(Teft) COt (5.25)

2
By using the expansion cot 95—T =237, (sinnfcosnt — cosnfsinnt) we can solve this
equation quite easily in the strong-coupling phase ( large values of A2 ) and one finds the

solution
1 1

)\eff

However it is obvious that this solution makes sense only where the density of eigenvalues

p(ber) = oS Oeft - (5.26)

is positive definite, i.e for )\Sﬂ such that

1 1

o )\eﬁ -

>0 «\H =2 <N =05. (5.27)

In the continuum large N limit where &* is kept fixed instead of A\; we can see that )\i

scales with N2 and as a consequence \y = —\ = N%—‘j%. Thus the critical value A2* = 0.5
leads to the critical value
. 64
a, = )\* =128 & a, = 3.36 (5.28)
which is to be compared with the observed value
a, = 3.35£0.25. (5.29)

~

This strong-coupling solution (p.26) should certainly work for large enough values of Ao.
However this is not the regime we want. To find the solution for small values of Ay the only
difference with the above analysis is that the range of the eigenvalues is now [—0,, +0,]
instead of [—m, +x] where 0, is an angle less than 7 which is a function of A\y. It is only
in this regime of small Ao where the fuzzy sphere action with fixed coupling constant g is
expected to correspond to the one-plaquette model. Indeed the fact that W—1 in the
large N limit is equivalent to the statement that the one-plaquette model is in the very
weak-coupling regime. In the strong-coupling region deviations become significant near the
sphere-to-matrix transition point.
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In the ’very’ weak-coupling regime the saddle point equation reduces to

(5.30)

This problem was easily solved using matrix theory techniques in [[J]. See also [RJ]. In
the large N—o0 we find the density of eigenvalues

p(6) = — /200 — 02, (5.31)

T

It is obvious that this density of eigenvalues is only defined for angles # which are in the
range —v/2X2<60<+/2X2. However the value of the critical angle 8, should be determined
from the normalization condition ff};* dfp(0) = 1. This condition yields the value

0, = /2)s. (5.32)

The fuzzy one-plaquette third order phase transition happens at the value of the coupling
constant Ay = 0.5 where the eigenvalues e fill half of the unit circles. This half is due to
the fact that Hfff = 20;.

In [[J we also computed the predictions coming from this model for the free en-
ergy and specific heat. We found very good agreement between the fuzzy one-plaquette
model and the data in the weak-coupling phase and even across the transition point to the
strong-coupling phase until the matrix-to-sphere transition point where deviations become
significant. In particular the specific heat is found to be equal to 1 in the fuzzy sphere-
weak coupling phase of the gauge field which agrees with the observed value 1 seen in
our Monte Carlo simulation. The value 1 comes precisely because we have two plaquettes

which approximate the noncommutative U(1) gauge field on the fuzzy sphere.

6. Conclusion

In this article we have determined to a large extent the phase diagram of noncommutative
U(1) gauge theory in two dimensions using the fuzzy sphere as a non-perturbative regulator.
The central tool we employed was Monte Carlo simulation and in particular the Metropolis
algorithm.

We have identified three distinct phases. 1) A matrix phase in the strong coupling
regime. The order parameter < TrX,X, >= 0 in this phase. 2) A fuzzy sphere phase
at weak coupling with order parameter < TrX,X, > #0 and with constant specific heat.
3) A new strong coupling fuzzy sphere phase. Here the fluctuations are around a fuzzy
sphere background, i.e < TrX,X, > #0, in addition the specific heat is non-constant in
this phase.

The transition between the weak and strong coupling fuzzy sphere phases is third order.
The other two transitions appear to be first order. We have clear numerical evidence for
a jump in the internal energy < S > between the matrix and weak coupling fuzzy sphere
phase. The corresponding jump in < S > has become smaller or disappeared in the
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strong coupling fuzzy sphere to matrix phase transition. However the order parameter
< TrXq,X, > still jumps discontinuously. We observe that for the m = 0 model the
specific heat becomes constant in both the strong coupling matrix phase ( Cv = %N 2
and the weak coupling fuzzy sphere phase ( Cv = N2 ). As the mass m? increases a new
third phase opens up and the three phases meet at a triple point.

In this article we have also confirmed the theoretical one-loop prediction of the S?V—to—
matrix critical line [P3]. The transition between strong and weak couplings fuzzy sphere
phases is found to agree with the % expansion prediction of the one-plaquette critical line
in the infinite mass limit. It seems that near these lines these approximations ( the one-loop
and the one-plaquette ) are essentially exact. We also gave a Monte Carlo measurement of
the triple point where the three phases meet.

We would like to indicate that a high precision measurement of the one-plaqutte critical
line and the triple point would be highly desirable. We also lack a theoretical control of the
triple point. Improvement of the one-plaquette approximation of the NC U(1) gauge field
on the fuzzy sphere S?V is necessary. In particular it would be very interesting to have an
alternative more rigorous derivation of the one-plaquette critical value 3.35. Furthermore
we believe that an extension of this approximation to 1) the regime of small masses and
2) the strong-coupling phase of the gauge theory is possible and needed. The Monte Carlo
measurement and the one-loop theoretical description of the S?V—to—matrix critical line are
on the other hand very satisfactory.

The most natural generalization of this work is Monte Carlo simulation of fuzzy
fermions in two dimensions 7] and fuzzy topological excitations [Rd]. In particular our
current project consists of the simulation of the NC Schwinger model and the NC two
dimensional QCD on the fuzzy sphere. Then one must contemplate going to NC 4 dimen-
sions with full QCD. Early steps towards these goals were taken in [R§] and in the first
reference of [[§]. Supersymmetric models are also possible and in some sense natural [29].
It would be nice to have Monte Carlo control over such supersymmetry.
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Mathematical Physics, NUI Maynooth, Ireland, where a major part of this work was carried
out during the spring of 2005. The author Badis Ydri would also like to thank F.Garcia-
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A. The order parameters and probability distribution

In most of this section we restrict our discussion to the case m = 0. The case m#0 has the
same order parameters and probability distribution and we can show that they behave in
exactly the same way.

A.1 Order parameters

The model (B.1]) is symmetric under U(N) gauge transformations of the matrices X, and as
a consequence we can only attach a physical meaning to gauge invariant quantities which
are constructed out of X,. In other words we have to measure gauge invariant observables.
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Let us introduce the scalar field ® defined by

3
= 420D + aPer= ZXg (A.1)

a=1

This field ® can be decomposed in the basis of N x N polarization tensors fflm as follows

_ N-1 I .

=0 m=-I

We remark that Yoo = 1y, Yie; = % %Li, Yip = 1/%[;3 and since X = X we must

also have (¢*);, = (—=1)"¢;_m- The total power in this field is given by

N—1 1
1 -
P= < Trd? >=< IZ% Zl || > . (A.3)
= m=—

Another gauge invariant quantity we can measure is the power in the [ = 0 modes defined
by

1 ~
P=< (NTT‘I))Z >=< gy > - (A4)
The data for P and Py is given in figure 12. The collapsed data is given in terms of
P = Nc 22P and Po = % as functions of @. From these results we can conclude that in
2 2

the fuzzy sphere phase P = Py and thus the scalar field @ is proportional to the identity
matrix since all its power is localized in the zero mode, i.e we have ® = 22:1 X2 = ¢poln.
Furthermore a fit is given by P = Py = a*c3 and hence we have essentially ¢g9 = a?cy in
this phase which is consistent with the equilibrium configuration X, = aL, as expected.

This result is confirmed by measuring the observables

1
p1 =< —TrX? >, etc. (A.5)
N
The data for N = 6,8 is shown on figure 13. The collapsed quantities are p; = 1\21271’ etc.
We find that in the fuzzy sphere phase we can fit the data to p, = 0‘2302 which is consistent
with the number %T’I“L% = %TT’L% = %TTL% = 2.

Let us now introduce the following 3 scalar fields ((a,b,¢) = (1,2,3),(3,1,2),(2,3,1) )
(I)abEi[Xaa Xb] (Aﬁ)

The total powers associated with these scalar fields are given by

N—1 1
1
Pup=< NTV"‘I)Zb >=< Z Z ‘(%b)lm‘z > (A7)
=0 m=—I

In this case the powers in the [ = 0 modes vanish by construction. The definition of the

modes (¢up)1m is obvious by analogy with equation (@) The results are displayed on
N2P,,
c2

figure 14. The collapsed quantities are Py, = . Again we can fit the data to the
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The powers Phat and Phat, for N=6,8
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Figure 12: The powers P, Py for N =6,8.
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Figure 13: The powers p, for N =6, 8.

theoretical prediction P, = 0‘262 to a high degree of accuracy in the fuzzy sphere phase.
Remark that the Yang-Mills action is given by < Y M >= NT2(P12 + P31 + P3). In the
fuzzy sphere we clearly have < Y M >= %Plg = %Pg,l = %ng.

We will also measure the following gauge invariant quantities

.1 1
Pes1 = —1 < NTT‘XlXQXg >, Pes2 = —1 < NT’I“XngXQ > . (A8)
The results are shown on figure 15. In the fuzzy sphere phase we expect that the power
Pes1 behaves as peg1 = 0‘262 whereas the power p.so behaves as peso = —%. These are

precisely the correct fits in the fuzzy sphere phase found for NV = 4,6 and 8 respectively.
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The powers Phat,, for N=6 and 8
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Figure 14: The powers Py, for N = 6,8.

The collapsed powers are pes1 = 7‘]\272’“1, etc. We remark that the Chern-Simons-like

action is given by < C'S >= —2aN?(pes1 — pes2)- In the fuzzy sphere phase we clearly have
< CS >= _404N2pcsl - 4aN2p052-

The powers phatg;,phat., for N=4,6 and 8
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Figure 15: The operators p.s1 and p.s for N = 4,6,8.

A.2 Geometric interpretation

The covariant derivatives X, can in general be expanded in terms of N x N spherical har-
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monics Y}, as follows

3 ) l
Xo=a Z CUZLb + Xaa Xa = (xa)OO%O + Z Z (xa)lm}/lm- (A9)
b=1 =2 m=-1

The three vectors Z, are the modes of X, with angular momentum [ = 1 since f/lil =
=+, /%Li = =+, /%(LliiLz) and Yip = 1/%L3. They are vectors in R? which define

c2

the geometry of a parallelepiped.This geometry is precisely determined by the dynamics
of X, given by the action (@) The order parameters p,, Pab and Pes1 — Pesz have the
simple interpretation of the lenghts squared, the areas of the faces squared and the volume

respectively of this parallelepiped. We have ( by setting X, = 0 ) the following expressions

1
1?2=p = 50723?%, etc
. 1
a‘ = Py = §~4(.%'1 X.%'Q)z , etc
. . 1 _ S
UV = Pcsl — Pes2 = Ea 1 (xZ XwS)
(A.10)
The full effective action in terms of the vectors ¥, takes the form
~4
1 1 1
S[fa] = CQ;‘ 5 @1xE2) + 3 (Bux@s)? + (Tox)” — 281 (FoxTy) — m*F — m?F — m’%
2
m ar =
+ 5 daved(2 2y + 252G + 2528) (521 + 252§ + 2§af) | + S[7a). (A.11)

S[%,] is the quantum action obtained by integrating out the field X, ( equation ([A.9)
) from the theory. The coefficients dgpq can be computed easily from the definition
%TrLaLchLd = %dabcd- The original U(N) gauge symmetries are now implemented
by O(3) orthogonal symmetries which take the 3—dimensional vectors 7, to ¥% = RZ,.
The effect of quantum fluctuations in this problem is to deform the shape of the paral-
lelepiped. In particular the first order phase transition from the fuzzy sphere to the matrix
phase is now seen as the transition where the parallelepiped collapses. In terms of the
lengths squared 12, the areas of the faces squared a? and the volume v we have

1 a? .
?==c< T?“Xl2 >= % fuzzy sphere phase etc. (A.12)
co ly,  matrix phase.
N at
o = - = <Tr[X;, Xo? >=4 3 fuzzy sphere phase |, (A.13)
Co a;, matrix phase.
i/ N ad .
oo - N (X, Xy] >= { 12 twzzy sphere phase { (A.14)
4co vy,  matrix phase.

From the data we can see that the areas of the faces squared a2, and the volume v, in the
matrix phase are constant approaching the values 2 and 0 respectively for small values of
the coupling constant &. However the length squared [2, scales as N =2 and thus it becomes
0 in the limit.
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Figure 16: The probability distribution in the fuzzy sphere phase.

A.3 Probability distribution

As we said before for m = 0 we can take X, to be traceless without any loss of generality
and consider only the probability distribution and the partition function given by

5(TrX,)e Xl
Z[0]

PlX,] = . Z[0] = / [dX,]0(TrX,)e X, (A.15)
The classical absolute minimum of the model is given by X, = aL,. The quantum min-
imum is given by X, = a¢L, where a¢ plays the role of the radius of the sphere with
a classical value equal a.The complete one-loop effective potential in this configuration is
given in the large N limit by the formula (B.4). The solution ¢ of the equation of motion
ot — 3 + % = 0 approaches the classsical value 1 as one increases the coupling constant
& much above the critical value @,. Indeed it is not difficult to check that up to the order
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Figure 17: The probability distribution in the matrix phase.

of % we have
2 12 1

=1—-—=— = +0(=5)- A.16
b=1- =~ = +0(=) (A1)
In this section we report on the measurement of the radius of the fuzzy sphere. A natural
definition of the radius of S% is given by the observable

1 1

R? = < —
a?cy N

> Trx2>. (A.17)

The aim now is to make a precise measurement of ¢ by measuring R? and its probability
distribution P(R?). Numerically we thermalize and then we take T'mont measurements of
R?%, we determine the minimum and maximum values R2,; and R2,, respectively and divide
the interval [R2;, R2 , @. For

every measurement R?

] into ¢ = 2% + 1 smaller intervals of equal length 6 =
4 =1,...,Tmont, we compute the integer

j=

2_ p2
integer part <w> ' (A.18)

It is clear that the value R? will lie exactly in the j—th interval, in other words
R? = R%, + jo. (A.19)

We count the number of times N (j) we get the value R? and we define the corresponding

probability P(j) by

N NG)
PU) = Tmont’

Remark that this probability satisfies ?:0 P(j) = 1. In other words for all j =0,...,q

we have P(j)<1.

(A.20)
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We observe two radically different behaviour depending on wether we are inside the
fuzzy sphere phase or the matrix phase. Figure 16 shows the probability distribution in
the fuzzy sphere phase whereas figure 17 shows the probability distribution in the matrix
phase.

Once again we find a good agreement between the theory and the simulation in the
fuzzy sphere phase. More precisely we find that the value of R? depends explicitly but
slowly on the coupling constant & but it does not depend on N. In figure 13 we see clearly
that the value of R? at the peak of the probability P is increasing with increasing . We
also observe clearly how the value of R? at the peak is more or less the same for a given
value of & with different N. These results are consistent with equation ({A.16).

In figure 17 we plot the probability distribution P as a function of r? = a?cyR? for
N = 6,8 and for values of the coupling constant which are less than 2. In other words we are
inside the matrix phase. For & = 0.5, 1 and 1.5 and for all the values of N we observe that
the probability distribution in this phase peaks essentially around the same value which
is estimated to be in the range 72 = 2.4 — 2.8. Hence we can conclude immediately that
for a fixed value of the coupling constant « inside the matrix phase the order parameter
R? = ag—; will be peaked around smaller and smaller values as we increase N. This means
in particular that the Chern-Simons-like term in the action is playing no role in this matrix
phase and as a consequence we have no an underlying spacetime structure of a fuzzy sphere.

The results are summarized as follows:

3
1 1 1 fuzzy sphere phase
R? = — D Trx})= : A21
ey <N (; " a> { 0  matrix phase. ( )

References

[1] R.J. Szabo, Quantum field theory on noncommutative spaces, |Phys. Rept. 378 (2003) 207
lhep-th/0109167.

[2] C.P. Martin and F. Ruiz Ruiz, Paramagnetic dominance, the sign of the beta function and
UV/IR mixing in non-commutative U(1), Nucl. Phys. B 597 (2001) 197 [hep-th/0007131];
For a treatement of the same problem on the 4D NC torus see: T. Krajewski and
R. Wulkenhaar, Perturbative quantum gauge fields on the noncommutative torus,

Phys. A 15 (2000) 1011 [hep-th/9903187];

See also M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of
noncommutative QED on R*, hep-th/9912167.

[3] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics,
[JHEP 02 (2000) 02( [hep-th/9912072].

[4] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, |[Rev. Mod. Phys. 73 (2001)

977 [hep-th/010604d].

[5] W. Bietenholz, F. Hofheinz and J. Nishimura, The renormalizability of 2D Yang-Mills theory
on a non-commutative geometry, |JHEP 09 (2002) 009 [hep-th/0203151];
It is believed that the phase found in this article in which the area law for the Wilson loops
does not hold ( at large physical areas ) is the same matrix phase seen in the phase diagram

(1) for large values of the gauge coupling constant g? = % This phase was predicted on the
fuzzy sphere originally ( theoretically and numerically ) in [B] and [@] (respectively)

,33,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C378%2C207
http://arxiv.org/abs/hep-th/0109162
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB597%2C197
http://arxiv.org/abs/hep-th/0007131
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA15%2C1011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA15%2C1011
http://arxiv.org/abs/hep-th/9903187
http://arxiv.org/abs/hep-th/9912167
http://jhep.sissa.it/stdsearch?paper=02%282000%29020
http://arxiv.org/abs/hep-th/9912072
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C977
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C977
http://arxiv.org/abs/hep-th/0106048
http://jhep.sissa.it/stdsearch?paper=09%282002%29009
http://arxiv.org/abs/hep-th/0203151

[6]

S.S. Gubser and S.L. Sondhi, Phase structure of non-commutative scalar field theories,

Phys. B 605 (2001) 394 [hep-th/0006119;

J. Ambjgrn and S. Catterall, Stripes from (noncommutative) stars, |Phys. Lett. B 549 (2002)

259 [hep-1at/0209104];

W. Bietenholz, F. Hotheinz and J. Nishimura, Phase diagram and dispersion relation of the
non-commutative A\¢* model in D = 3, JHEP 06 (2004) 049 [hep-th/040402d]; Nucl. Phys.
119 ( Proc. Suppl.) (2003) 941.

B. Ydri, Fuzzy physics, hep-th/01100086};

H. Grosse, C. Klimcik, P. Pre $najder, Commun. Math. Phys. 180 (1996) 429; Towards finite
quantum field theory in noncommutative geometry, lInt. J. Theor. Phys. 35 (1996) 231|
[hep-th/9505175];

D. O’Connor, Field theory on low dimensional fuzzy spaces, |Mod. Phys. Lett. A 18 (2003)
2424;

b

C.Klimécik, Commun. Math. Phys. 199 (1998) 257.

J. Madore, The fuzzy sphere, |Class. and Quant. Grav. 9 (1992) 69;
J.Hoppe, MIT PhD thesis, 1982;
J.Hoppe, S.T.Yau, Commun. Math. Phys. 195 (1998) 67.

AY. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluzes and
non-commutative geometry, [JHEP 05 (2000) 01( [hep-th/0003187];
A.Y. Alekseev and V. Schomerus, D-branes in the WZW model, |Phys. Rev. D 60 (1999)|

061901| [hep-th/9812193].

S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy
sphere from matriz model, [Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

X.Martin, JHEP 04 (2004) 77; Simulating the scalar field using the fuzzy sphere,

Tett. A 18 (2003) 2384,

[14]

F. Garcia Flores, D. O’Connor and X. Martin, Simulating the scalar field on the fuzzy sphere,
PoS LAT2005 (2006) 262 [hep-1at/060101];

J. Medina, W. Bietenholz, F. Hofheinz and D. O’Connor, Field theory simulations on a fuzzy
sphere: an alternative to the lattice, PoS LAT2005 (2006) 263 [hep-1at/0509169].

B. Ydri, The one-plagquette model limit of NC gauge theory in 2D, hep-th/0606206.

S. Vaidya, Perturbative dynamics on fuzzy S* and RP?, |Phys. Lett. B 512 (2001) 409
[hep-th/0102217;
B.P. Dolan, D. O’Connor and P. Presnajder, Matriz ¢* models on the fuzzy sphere and their

continuum limits, JHEP 03 (2002) 019 |hep-th/0109084]; Fuzzy complex quadrics and
spheres, JHEP 02 (2004) 057 [hep-th/0312190;

T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections on fuzzy sphere,
[Nucl. Phys. B 665 (2003) 520 [hep-th/0303120].

S. Vaidya and B. Ydri, New scaling limit for fuzzy spheres, hep—th/0209131;

C.S.Chu, J.Madore, H.Steinacker, JHEP 08 (2001) 3§;

B.P. Dolan, D. O’Connor and P. Presnajder, Matriz ¢* models on the fuzzy sphere and their
continuum limits, JHEP 03 (2002) 013 [hep—th/0109084)].

P. Castro-Villarreal, R. Delgadillo-Blando and B. Ydri, Quantum effective potential for U(1)
fields on S? x S?, JHEP 09 (2005) 066 [hep-th/0506044];

W. Behr, F. Meyer and H. Steinacker, Gauge theory on fuzzy S? x S? and regqularization on
noncommutative R*, JHEP 07 (2005) 04(] [hep—th/0503041];

,34,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB605%2C395
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB605%2C395
http://arxiv.org/abs/hep-th/0006119
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB549%2C253
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB549%2C253
http://arxiv.org/abs/hep-lat/0209106
http://jhep.sissa.it/stdsearch?paper=06%282004%29042
http://arxiv.org/abs/hep-th/0404020
http://arxiv.org/abs/hep-th/0110006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2CB35%2C231
http://arxiv.org/abs/hep-th/9505175
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA18%2C2423
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA18%2C2423
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C9%2C69
http://jhep.sissa.it/stdsearch?paper=05%282000%29010
http://arxiv.org/abs/hep-th/0003187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C061901
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C061901
http://arxiv.org/abs/hep-th/9812193
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB604%2C121
http://arxiv.org/abs/hep-th/0101102
http://jhep.sissa.it/stdsearch?paper=04%282004%2977
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA18%2C2389
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA18%2C2389
http://arxiv.org/abs/hep-lat/0601012
http://arxiv.org/abs/hep-lat/0509162
http://arxiv.org/abs/hep-th/0606206
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB512%2C403
http://arxiv.org/abs/hep-th/0102212
http://jhep.sissa.it/stdsearch?paper=03%282002%29013
http://arxiv.org/abs/hep-th/0109084
http://jhep.sissa.it/stdsearch?paper=02%282004%29055
http://arxiv.org/abs/hep-th/0312190
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB665%2C520
http://arxiv.org/abs/hep-th/0303120
http://arxiv.org/abs/hep-th/0209131
http://jhep.sissa.it/stdsearch?paper=08%282001%2938
http://jhep.sissa.it/stdsearch?paper=03%282002%29013
http://arxiv.org/abs/hep-th/0109084
http://jhep.sissa.it/stdsearch?paper=09%282005%29066
http://arxiv.org/abs/hep-th/0506044
http://jhep.sissa.it/stdsearch?paper=07%282005%29040
http://arxiv.org/abs/hep-th/0503041

T. Imai and Y. Takayama, Stability of fuzzy S? x S? geometry in IIB matriz model,

Phys. B 686 (2004) 244 [hep-th/0312241];

T. Azuma, S. Bal, K. Nagao and J. Nishimura, Perturbative versus nonperturbative dynamics
of the fuzzy S? x S?, UHEP 09 (2005) 047 [hep-th/0506208]; Absence of a fuzzy S* phase in
the dimensionally reduced 5D Yang-Mills-Chern-Simons model, |JHEP 07 (2004) 064
[hep-th/0405096].

H. Steinacker, A non-perturbative approach to mon-commutative scalar field theory, YHEP 03

(2005) 074 [hep-th/0501174];

T. Azuma, S. Bal, K. Nagao and J. Nishimura, Dynamical aspects of the fuzzy CP? in the
large-N reduced model with a cubic term, JHEP 05 (2006) 061| [hep-th/0405277)].

Badis Ydri, Mod.Phys.Lett. A 19 (2004) 2205; Ezact solution of noncommutative U(1) gauge
theory in 4-dimensions, [Nucl. Phys. B 690 (2004) 23( [hep—th/0403233].

G.Alexanian, A.P.Balachandran, G.Immirzi, B.Ydri, J.Geo.Phys. 42 (2002) 28-53;

H. Grosse and A. Strohmaier, Noncommutative geometry and the reqularization problem of 4d

quantum field theory, |Lett. Math. Phys. 48 (1999) 163 |hep-th/9902138|; Finite gauge theory
on fuzzy CP?, [Nucl. Phys. B 707 (2005) 147 [hep-th/0407089].

J Medina,D.0’Connor, [JHEP 051 (2003) 0311
Y .Kimura, Nucl. Phys. B637 (2002) 177.

T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large-N gauge
theory, [Phys. Rev. Lett. 48 (1982) 106d.

J. Ambjorn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Lattice gauge fields and discrete
noncommutative Yang-Mills theory, JHEP 05 (2000) 023 [hep-th/0004147].

P. Castro-Villarreal, R. Delgadillo-Blando and B. Ydri, A gauge-invariant UV-IR mizing and
the corresponding phase transition for U(1) fields on the fuzzy sphere, [Nucl. Phys. B 704

(2005) 111 [hep-th/0405201].

T. Azuma, S. Bal, K. Nagao and J. Nishimura, Nonperturbative studies of fuzzy spheres in a
matriz model with the Chern-Simons term, JHEP 05 (2004) 005 [hep—th/0401039g)].

H. Steinacker, Quantized gauge theory on the fuzzy sphere as random matriz model,

Phys. B 679 (2004) 64 [hep-th/0307075).

[26]

D.J. Gross and E. Witten, Possible third order phase transition in the large-N lattice gauge
theory, [Phys. Rev. D 21 (1980) 446;

See also S.R. Wadia, EFI preprint EFI 80/15, March 1980; N = co phase transition in a
class of exactly soluble model lattice gauge theories, [Phys. Lett. B 93 (1980) 403

S. Baez, A.P. Balachandran, S. Vaidya, B. Ydri, Commun. Math. Phys. 208 (2000) 787;
A.P. Balachandran, S. Vaidya, Mod. Phys. A 16 (2001) 17;
H.Grosse,C.Klimcik,P.Presnajder, Commun. Math. Phys. 178 (1996) 507;

H.Grosse, C.W.Rupp, A.Strohmaier, J. Geom. Phys. 42 ( 2002) 54-63;

H. Aoki, S. Iso and K. Nagao, Ginsparg- Wilson relation and 't Hooft-Polyakov monopole on
fuzzy 2-sphere, |[Nucl. Phys. B 684 (2004) 169 [hep-th/0312199].

A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and
noncommutative geometry, II, hep—th/0006216;

H. Aoki, S. Iso and K. Nagao, Ginsparg- Wilson relation, topological invariants and finite
noncommutative geometry, |Phys. Rev. D 67 (2003) 085007 [hep-th/0209223];

,35,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB686%2C248
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB686%2C248
http://arxiv.org/abs/hep-th/0312241
http://jhep.sissa.it/stdsearch?paper=09%282005%29047
http://arxiv.org/abs/hep-th/0506205
http://jhep.sissa.it/stdsearch?paper=07%282004%29066
http://arxiv.org/abs/hep-th/0405096
http://jhep.sissa.it/stdsearch?paper=03%282005%29075
http://jhep.sissa.it/stdsearch?paper=03%282005%29075
http://arxiv.org/abs/hep-th/0501174
http://jhep.sissa.it/stdsearch?paper=05%282006%29061
http://arxiv.org/abs/hep-th/0405277
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB690%2C230
http://arxiv.org/abs/hep-th/0403233
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA48%2C163
http://arxiv.org/abs/hep-th/9902138
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB707%2C145
http://arxiv.org/abs/hep-th/0407089
http://jhep.sissa.it/stdsearch?paper=051%282003%290311
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C48%2C1063
http://jhep.sissa.it/stdsearch?paper=05%282000%29023
http://arxiv.org/abs/hep-th/0004147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB704%2C111
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB704%2C111
http://arxiv.org/abs/hep-th/0405201
http://jhep.sissa.it/stdsearch?paper=05%282004%29005
http://arxiv.org/abs/hep-th/0401038
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB679%2C66
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB679%2C66
http://arxiv.org/abs/hep-th/0307075
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD21%2C446
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB93%2C403
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB684%2C162
http://arxiv.org/abs/hep-th/0312199
http://arxiv.org/abs/hep-th/0006216
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C085005
http://arxiv.org/abs/hep-th/0209223

28]

A.P. Balachandran and G. Immirzi, The fuzzy ginsparg-wilson algebra: a solution of the

fermion doubling problem, |Phys. Rev. D 68 (2003) 065029 [hep-th/0301243];

Int. J. Mod. Phys. A 18 (2003) 5981;

U. Carow-Watamura, S. Watamura, Commun. Math. Phys. 183 (1997) 365-382; Differential
calculus on fuzzy sphere and scalar field, |Int. J. Mod. Phys. A 13 (1998) 323§

[-alg/9710034).

B. Ydri, Noncommutative chiral anomaly and the Dirac-Ginsparg- Wilson operator, JHEP 08

(2003) 04 [hep-th/0211209];

H. Aoki, S. Iso and K. Nagao, Chiral anomaly on fuzzy 2-sphere, |Phys. Rev. D 67 (2003)

065018 [hep-th/0209137];

[29]

H. Grosse and P. Presnajder, A treatment of the schwinger model within noncommutative
geometry, hep-th/9805085.

A.P. Balachandran, S. Kurkcuoglu and S. Vaidya, Lectures on fuzzy and fuzzy SUSY physics,
hep-th/0511114;

K.N. Anagnostopoulos, T. Azuma, K. Nagao and J. Nishimura, Impact of supersymmetry on
the nonperturbative dynamics of fuzzy spheres, JHEP 09 (2005) 04§ [hep-th/0506067).

J. Volkholz, W. Bietenholz, J. Nishimura and Y. Susaki, PoS LAT2005 (2006) 264;

W. Bietenholz et al., Numerical results for U(1) gauge theory on 2D and 4D
non-commutative spaces, [Fortschr. Phys. 53 (2005) 41§ [hep-th/0501147;

W. Bietenholz, F. Hotheinz, J. Nishimura, Y. Susaki and J. Volkholz, First simulation results
for the photon in a non-commutative space, [Nucl. Phys. 140 (Proc. Suppl.) (2005) 779
[lhep-lat/0409059].

,36,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C065023
http://arxiv.org/abs/hep-th/0301242
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA13%2C3235
http://arxiv.org/abs/q-alg/9710034
http://jhep.sissa.it/stdsearch?paper=08%282003%29046
http://jhep.sissa.it/stdsearch?paper=08%282003%29046
http://arxiv.org/abs/hep-th/0211209
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C065018
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C065018
http://arxiv.org/abs/hep-th/0209137
http://arxiv.org/abs/hep-th/9805085
http://arxiv.org/abs/hep-th/0511114
http://jhep.sissa.it/stdsearch?paper=09%282005%29046
http://arxiv.org/abs/hep-th/0506062
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C53%2C418
http://arxiv.org/abs/hep-th/0501147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C140%2C772
http://arxiv.org/abs/hep-lat/0409059

